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Abstrat  We onsider the problem of mapping with ultra-high angular resolution using a spaeground radio
interferometer with a spae antenna in a high orbit, whose apogee height exeeds the radius of the Earth by a fator of
ten. In this ase, a multielement interferometer essentially degenerates into a two-element interferometer. The degeneray
of the lose-phase relations prevents the use of standard methods for hybrid mapping and self-alibration for the orret
reonstrution of images. We propose a new phaseless mapping method based on methods for the reonstrution of images
in the omplete absene of phase information, using only the amplitudes of the spatial-oherene funtion of the soure. In
onnetion with this problem, we propose a new method for the reliable solution of the phase problem, based on optimizing
information-arrying nonlinear funtionals, in partiular,the Shannon entropy. Results of simulations of mapping radio
soures with various strutures with ultra-high angular resolution in the framework of the RADIOASTRON mission are
presented.
©2005 Pleiades Publishing,In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1. INTRODUCTION
The problem of phaseless mapping in Very Long
Baseline Interferometry (VLBI) is onsidered in detail
in [1℄, together with the uniqueness of the solutions and
methods for solving for the phases. The urrent study is
a logial ontinuation of this work, sine it is onerned
with the phaseless mapping of radio soures with ultra-
high angular resolution using a groundspae interfer-
ometer with a high-apogee orbiting antenna, and the
development of more trustworthy methods for the re-
onstrution of images based only on the amplitudes of
their Fourier spetra (the spatial-oherene funtion).
The problem of phaseless mapping in VLBI arises
when the measured phases are subjet to large errors
introdued by the medium through whih the radio
wave propagates,and it is not possible to use the lo-
sure phases and adaptive-alibration methods (hybrid
mapping and self-alibration [2℄) traditionally applied
in VLBI to orretly reonstrut images.
This is the ase for a two-element interferometer
[1℄, and also for a groundspae radio interferometer
with an antenna in a high orbit whose apogee exeeds
the Earth's radius by an order of magnitude or more.
In the latter ase, the multi-element interferometer es-
sentially degenerates into two elements, independent
of the number of ground stations,leading to degenera-
y in the phases summed around triangles. As a result,
mapping using the standard methods beomes mean-
ingless.
This problem is relevant for the future Russian
spae mission RADIOASTRON [3℄(planned to have
an antenna in a high-apogee orbit reahing heights
of 350 000 km), intended to map extragalati ra-
dio soures with ultra-high angular resolution reahing
hundredths of a milliarseond (mas), with the goal of
revealing the workings of the entral engines of distant
quasars and galaxies.
As we indiated above,an effetive strategy for
phaseless VLBI mapping was presented in [1℄. This
method is based on (1) making a preliminary reon-
strution of the amplitude of the visibility funtion
(spetrum) over the entire UV plane by reonstruting
an intermediate image with zero spetral phase using
the data measured on a limited set of points, and (2)
reonstruting the desired image based on the ampli-
tude of the soure spetrum obtained in the first stage
using methods designed to solve the phase problem.
The goal of our urrent study is to develop a
method for the realization of the seond step of this
algorithm that is more reliable than the method of
Fienup that has been applied earlier.
The goal of this work is topial. In spite of the
fundamental existene (apart from degenerate ases,
defined on a set of measure zero) of solutions of the
phase problem for multidimensional (≥ 2), spatially
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restrited signals desribed by nonnegative real fun-
tions [4℄ that are unique with auray to within a lass
of equivalent funtions (a linear shift or rotation of the
image by 180
o
), no trustworthy, pratial algorithm
has been developed to obtain these solutions. For ex-
ample, the algorithms of Fienup [5,6℄, whih are the
most effiient and most widely applied in pratie, do
not possess the property of ompression [7℄, so that
they annot guarantee onvergene to the orret so-
lution in all ases. A suessful appliation of Fienup
algorithms in the ase of omparatively simple soure
strutures is demonstrated in [1℄.
Here,we attempt to fill this gap by proposing a more
fundamental method for solving the phase problem,
based on using the methods of nonlinear optimization
to searh for global extrema.
The following setions disuss VLBI mapping with
an antenna in a high orbit, desribe the proposed
method for solving the phase problem, and present
tests of the method and results of simulations of the
RADIOASTRON mission, aimed at mapping radio
soures with ultra-high angular resolution.
2. VLBI MAPPING WITH AN ANTENNA
IN A HIGH ORBIT
Plaing at least one VLBI station beyond the Earth,
and thereby inreasing the maximum baseline of the re-
sulting interferometer, makes it possible to appreiably
enhane the resolving power of the instrument.
It is planned in the near future to realize the spae
projet RADIOASTRON [3℄ of the Russian Aademy
of Sienes (the Astro Spae Center, Lebedev Physi-
al Institute), whih aims to onstrut a groundspae
radio interferometer for the mapping of radio soures
with ultra-high angular resolution, of the order of hun-
dredths of a mas. Suh resolutions are provided by ob-
servations at 1.35 m on the maximum baseline of 350
000 km, whih is ahieved when the orbiting antenna
is at apogee [8℄.
The desire to obtain ultra-high angular resolution
by inreasing the length of the baseline joining the
ground stations and the one orbiting station leads to
ertain mathematial problems in the mapping, assoi-
ated with the degeneray of the multielement ground
spae interferometer into a two-element interferometer
in terms of the effetive filling of the UV plane, in-
dependent of the number of ground stations [1℄. One
onsequene of this is the degeneray of the relations
for the losure phases that are traditionally used in
VLBI to orretly reonstrut the spetral phases via
adaptive-alibration methods.
We an write the equations for the losure phases
[2℄:
C˜ijk = φ˜ij + φ˜jk − φ˜ik =
= φij + φjk − φik + noise term = Cijk + noise term,
(1)
where φ˜ij = φij + θi − θj + noise term, φij is the
spetral phase of the soure on the baseline (ij), θi
and θj are the phases of the omplex gains of antennas
i and j, whih inlude both instrumental and atmo-
spheri omponents that anel out when the phases
are summed around a triangle, and "noise"term is the
random, residual omponent of the phase noise,whih
is usually small. Here, a tilda denotes measured quan-
tities.
The degeneray of the losure-phase equations is a
onsequene of the geometrial degeneray of the trian-
gles, whose apies orrespond to the ground antennas
i and j and the spae antenna k, whih is very dis-
tant from the Earth. The right-hand side of relation
(1) essentially vanishes, independent of the real spe-
tral phase of the soure: C˜ijk ≈ noise term ≈ 0. It
is obvious that, in this situation, applying the losure
equations will always yield symmetrial strutures, in-
dependent of the real soure struture.
The problem of poor UV -plane overage,whih
leads to large sidelobes in the synthesized antenna
beam, an be partially solved by applying the teh-
nique of multifrequeny synthesis [9,10℄. However, this
is not suffiient to orretly reonstrut the phases.
Therefore, we propose to use phaseless mapping based
on the presented methods to reonstrut the stru-
ture of the soure.We an orretly reonstrut the
spatial orientation of the soure using a solution ob-
tained via adaptive-alibration methods based on ob-
servations with the ground-based (low-frequeny) part
of the VLBI array.
3. METHOD FOR SOLVING
THE PHASE PROBLEM
Let us formulate the problem of reonstruting two-
dimensional images in disrete form. Let the disretiza-
tion of the map be arried out in aordane with the
theorem of Kotel'nikovShannon, and the dimensions
of the map be N × N . The spetrum of the soure
is the N -point disrete Fourier transform of the two-
dimensional distribution xml over the soure radiation
with a finite arrier:
Xnk =
1
N
N−1∑
m=0
N−1∑
l=0
xml exp(
−i2pi(nm+ kl)
N
) = (2)
= Ank + iBnk = Mnk exp(iΦnk),
where Ank is the real part, Bnk the imaginary part,
Mnk the magnitude, and Φnk the phase of the spetrum
Xnk, with
Ank = Mnk cosΦnk, Bnk = Mnk sinΦnk. (3)
We formulate this problem as follows. We wish
to use known values of the amplitude of a spetrum
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(the spatial-oherene funtion in VLBI) Mnk on some
set of points in the spatial-frequeny domain (the UV
plane) to reonstrut the image xml, whih is equiva-
lent to reonstruting the spetral phase Φnk, sine the
distribution xml is the inverse Fourier transform of the
total spetrum Xnk (2), taking into aount both the
amplitudes and phases.
Let the measurements of the spatial-oherene
funtion taking into aount (2) and (3) satisfy the
relations
∑
m
∑
l
xmla
nk
ml + η
r
nk = Ank = Mnk cosΦnk, (4)
∑
m
∑
l
xmlb
nk
ml + η
i
nk = Bnk = Mnk sinΦnk, (5)
separately for the real and imaginary parts of the spe-
trum, where ankml = cos(2pi(mn + lk)/N)/N, b
nk
ml =
sin(2pi(mn+ lk)/N)/N , ηrnk and η
i
nk are the measure-
ment errors for the real and imaginary parts of the
spetrum, respetively, whih obey a Gaussian distri-
bution with zero mean and dispersion σ2nk.
Let us represent the relations for the spetral phase
as follows:
cosΦnk = 2 cos
2(Φnk/2)− 1, (6)
sinΦnk = (sin(Φnk/2) + cos(Φnk/2))
2 − 1 (7)
The reonstrution of the image an then be represent-
ed as the solution of the following optimization prob-
lem with the linear onstraints (4), (5), into whih we
substitute the variables tnk and snk in aordane with
(6)(9):
min Q(xml, tnk, snk) +
∑
n
∑
k
(ηrnk
2 + ηink
2
)
2σ2nk
, (8)
∑
m
∑
l
xmla
nk
ml −Mnktnk + η
r
nk = −Mnk, (9)
∑
m
∑
l
xmlb
nk
ml −Mnksnk + η
i
nk = −Mnk, (10)
xml, tnk, snk ≥ 0, (11)
Here, Q is a nonlinear funtional determining the ho-
sen riteria for the quality of the reonstrution. The
seond term in the optimization funtional (10) is an
estimate of the disagreement between the solution and
the measurements aording to an χ2 riterion.
In addition,it is easy to show that the variables tnk
and snk satisfy the nonlinear onstraint
cos2Φnk+sin
2Φnk = (tnk−1)
2+(snk−1)
2 = 1, (12)
whih is key for the orret reonstrution of the spe-
tral phase.
Inluding the nonlinear onstraints (14)in the La-
grange funtional in the standard way appreiably
ompliates the reonstrution algorithm. We there-
fore propose the following sheme for the solution of
problems (10(14). The problem with the linear on-
straints (10)(13) is first solved in the standard way
via diret optimization using Lagrange multipliers [7℄.
In the ourse of the numerial iterative searh for the
extremum of the orresponding dual funtional (for ex-
ample, using a oordinate-desent method [11℄), the
nonlinear onstraints (14) are plaed on the variables
tnk and snk, similar to a projetion onto a onvex set
[7℄. In this ase, tnk and snk annot vary independent-
ly of eah other in their determination of the spetral
phase. This ombined algorithm inorporates the ad-
vantages of both methods for the optimization of non-
linear funtionals with linear onstraints, haraterized
by the presene of a global extremum, and iterative
methods, whih are distinguished by the simpliity of
their allowane for various onstraints on the solution
diretly in the omputational algorithm.
When Q is a funtional of the Shannon entropy [12℄,
namely,
Q(xml, tnk, snk) =
∑
m
∑
l
xml lnxml (13)
+
∑
n
∑
k
(tnk ln tnk + snk ln snk)
we have the maximum-entropy method (MEM). The
basis for the legitimay of the funtional (15), whih is
the total entropy of the image and the new variables
tnk and snk, an be obtained based on a ray model for
the formation of the image [7℄, maximizing the joint
probability for the formation of the image and the field
of the statistially independent variables {tnk, snk}.
An important onstraint appearing in the system of
equations (11) and speified by the neessary normal-
ization of the image is the onstraint on the total flux of
the soure Mo (the zeroth harmoni of the spetrum):
∑
m
∑
l
xml =Mo.
Another well-studied effetive method is the mini-
mum measure of Renyi [13℄. In this ase,the funtional
Q has the appearane
Q(xml, tnk, snk) =
∑
m
∑
l
xαml +
∑
n
∑
k
(tαnk + s
α
nk),
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where α 6= 1.
In pratie, in VLBI mapping,the Shannon entropy
has beome the most widely aepted among the var-
ious nonlinear funtionals speifying various measures
of the quality of reonstruted images. Aordingly, we
onsider here a developed phase-reonstrution method
based on the MEM.
Applying the standard Lagrange-multiplier method
to problems (10)(13) and using (15) yields the follow-
ing absolute optimization problem:
min L =
∑
m
∑
l
xml lnxml +
∑
n
∑
k
(tnk ln tnk (14)
+snk ln snk) +
∑
n
∑
k
(ηrnk
2 + ηink
2
)
2σ2nk
+
∑
n
∑
k
αnk(
∑
m
∑
l
xmla
nk
ml −Mnktnk
+ηrnk +Mnk) +
∑
n
∑
k
βnk(
∑
m
∑
l
xmlb
nk
ml
−Mnksnk + η
i
nk +Mnk),
where αnk, βnk are the Lagrange multipliers, or the du-
al variables.
The neessary ondition for the existene of an ex-
tremum of the funtional L is that the gradient ∂L
∂yop
=
0, and that the Hess matrix omposed of the elements
∂2L
∂yop∂yqr
be positive semidefinite at the point where
this gradient is zero (here, the letter y denotes the gen-
eralized variables xml, tnk, snk, η
r
nk, η
i
nk, and op, qr the
two-dimensional indies for these variables).
A suffiient ondition for the existene of a loal
extremum is that the Hess matrix be positive definite.
If the Hess matrix is positive definite everywhere, the
funtional will be onvex, and the loal extremum will
be a global extremum.
We an obtain a solution for the desired distribu-
tion (image) xml and the variables tnk, snk determining
the spetral phase from the neessary ondition for the
existene of an extremum of the funtional L:
xml = exp(
∑
n
∑
k
αnka
nk
ml + βnkb
nk
ml − 1), (15)
tnk = exp(αnkMnk − 1), snk = exp(βnkMnk − 1),
(16)
ηrnk = −αnkσ
2
nk η
i
nk = −βnkσ
2
nk.
As we an see from (17)and (18), the solutions for the
variables xml, tnk, snk are always positive; i.e., the on-
dition (13) is satisfied automatially, whih is an inter-
nal property of the entropy funtional. It is not diffi-
ult to show that the Hess matrix is diagonal and has
positive elements, whih means that it is positive def-
inite everywhere, so that the Lagrange funtional (16)
is onvex and the solution is global, i.e., unique.
However, the uniqueness of the solution in this ase
refers only to the uniqueness of the reonstrution of
the shape of the soure. Images obtained as a result of
linear shifts or 180o rotations of the solution (17) also
satisfy (10)(14), as follows from the properties of the
trigonometri funtions determining the desired phase
in terms of the variables tnk and snk [see (8),(9)℄, and
so are likewise solutions of the funtional (16). All these
solutions omprise a lass of equivalent funtions that
differ by linear shifts or rotations by 180o. Thus, the
proposed method for solving the phase problem yields
a unique solution with auray to within a lass of
equivalent funtions. We used the oordinate-desent
method studied in detail in [11℄ for various funtionals
to numerially realize the absolute optimization (16).
In addition, note that the proposed mapping
method based on the MEM possesses higher stabiliz-
ing properties with respet to the noise than, for exam-
ple, the CLEAN algorithm that is traditionally used in
adaptive-alibration methods in VLBI, or the method
of Fienup used in [1℄. The high stability of the proposed
method is due to both the properties of the nonlin-
ear entropy funtional and the possibility of inluding
the real signal-to-noise ratio in the χ2 riterion [see
(10)℄[14℄.
4. TESTING THE METHOD
We tested the proposed method using the eight
model radio soures shown in Fig.1. The models and
the radio soures themselves will be referred to in a-
ordane with the notation in the figure, using the let-
ters "ah". These models reflet the various haraters
of possible brightness distributions  from a olletion
of unresolved point soures and various numbers of
Gaussian omponents with various relative positions,
to uniform distributions within speified boundaries
and rings (see the following setion for more detail on
these soure strutures). Note that the lowest ontour
and the onstant step between ontours in all images
is 1% of the peak of the map.
Figure 2 shows the images reonstruted in the ase
of zero spetral phase. As was noted in Setion 2, this
is harateristi of situations in whih the phase tri-
angles are ompletely degenerate. These images were
produed using standard mapping methods. We an see
that the soure strutures have taken on a symmetri-
al form. Mapping methods that enable reonstrution
of the spetral phase are required if we wish to derive
the intrinsi struture of the soure. Images obtained
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using our proposed method to reonstrut the phases
are presented in Fig.3.
We took the full set of measurements of the ampli-
tude of the spetrum as the input data. A omparison
of the model (Fig.1) and reonstruted (Fig.3) maps
demonstrates the fairly high internal auray of the
method, whih is from 1% to 4% for these examples.
We an see from Fig.3 that some soures are reon-
struted with auray to within a linear shift ("g"and
"h") or within a rotation by 180o (""and "d").
To test the appliation of the proposed method to
real VLBI data, we arried out phaseless mapping of
the radio soure 2200 +420 using data obtained dur-
ing a global astrometri/geodeti observing program
at 8.2 GHz (wavelength 3.5 m) in 19961997. The
UV -plane overages orresponding to these data are
presented in [1℄. Figure 4 shows images reonstruted
with angular resolutions of the order of 0.50.7 mas.
These maps qualitatively and quantitatively agree with
the results obtained in [1℄ using alternative mapping
methods  both phaseless methods based on the algo-
rithm of Fienup and standard methods based on self-
alibration. Real geodeti VLBI data are not intended
for astrophysial mapping, and therefore do not have
the highest quality in terms of alibration and signal-
to-noise ratio. Nevertheless, our analysis of maps made
from suh data shows that the proposed method is able
to onstrut high-quality images with resolutions de-
termined by the geometry of the interferometer.
5. SIMULATIONS
OF THE RADIOASTRON MISSION
We will now present the results of simulating map-
ping radio soures using a groundspae VLBI system
with the following parameters.
The ground stations used (the hoie is not of
fundamental importane here) were the Svetloe, Ze-
lenhuk, and Badary stations of the QUASAR net-
work. The wavelength of the simulated observations
was 1.35 m. In the ase of multifrequeny synthesis,
we used a frequeny band with a width equal to 30% of
the frequeny orresponding to the hosen wavelength.
The orbit of the RADIOASTRON spaeraft [8℄ is in-
lined to the equatorial plane by 51.5o and has an angle
from the Vernal Equinox to the line of nodes of −45o,
an angle from the line of nodes to perigee of 30o, and
perigee and apogee heights of 20 000 and 350 000 km,
respetively. The period of the spaeraft in its orbit
around the Earth is 9.5 days.
Figures 5a and 5b depit the overage of the UV
plane obtained for the ases of single-frequeny and
multifrequeny syntheses over a time equal to one pe-
riod of the spaeraft around the Earth. The spatial
frequenies are plotted along the U and V axes in units
of 108 wavelengths.
Note that, sine the bandwidth for the multifre-
queny synthesis images was taken to be no more than
30% of the entral frequeny, the effet of the frequeny
dependene on the images an be negleted. Aording
to the estimates of [15℄, the influene on the synthe-
sized image due to this effet is no more than 1%, even
when the soure has a large spetral index. Correting
for the frequeny an lower this influene to 0.1%. Our
aim here is only to demonstrate the effet of the multi-
frequeny synthesis regime on the overage of the UV
plane, ompared to the ase of single-frequeny synthe-
sis. If a wider band is used for the frequeny synthesis,
this requires appliation of frequeny orretions, in a-
ordane with the well known algorithms desribed in
[15℄.
These parameters for the mapping system orre-
spond to a maximum angular resolution of λ/D =
0.007 mas, where λ is the wavelength and D is the
maximum baseline of the groundspae interferometer.
The resolution in the eastwest diretion is roughly half
that in the northsouth diretion. The following sim-
ulations will show that, thanks to the appliation of
nonlinear methods, it is possible to reonstrution the
images with a resolution higher than that indiated
above.
As the model radio soures depited in Fig.1, we
used simplified Gaussian models derived from maps on
mas sales onstruted from VLBA [16℄ data at 8.2
GHz, but translated to the angular sales onsidered
here (tens of miroarseond).
Thus, the model-soure strutures presented in
Fig.1 represent (a) a olletion of point features or-
responding to the three brightest omponents in the
soure 1223+395 [17℄, (b) a ore and short urved jet
adjaent to the ore (a model for the quasar 0215+015),
() an extended ore and a omparatively bright one-
sided, extended jet (a model for the quasar 1607+268),
(d) a ore and weak, one-sided, extended jet (a model
for the quasar 1022+194), (e) a ore and two-sided,
multiomponent, bright jet (a model for the quasar
0238−084), (f) a olletion of several bright and weak
Gaussian omponents in a region about 50 miroar-
seond in diameter (a model for the unidentified radio
soure 0259+121), (g) a uniform brightness distribu-
tion within speified boundaries, and (h) a thin ring.
These two last soure strutures ("g"and "h") are the
most exoti and demanding in terms of obtaining a-
eptable images by extrapolating the spetral data to
the high-frequeny domain, and are onsidered here in
order to demonstrate the limits of the proposed reon-
strution method.
Figures 6 and 7 present the images reonstrut-
ed based on the amplitude data for both the single-
frequeny and multifrequeny syntheses. Note that we
added to the data uniform noise in the range ±10%
of eah measurement of the visibility funtion, whih
yielded an input signal-to-noise ratio for the algorithm
5
of about ten, in agreement with the sensitivity parame-
ters for the RADIOASTRON mission presented in [18℄.
We give here a qualitative analysis of the reon-
strution results. We will not take into onsideration
rotations of the images by 180o. We will refer to single-
frequeny and multifrequeny syntheses as the first and
seond ases, respetively.
Soure "a". The quality of the reonstrution was
slightly worse in the first than in the seond ase. We
an see several false point features (artefats), but their
brightnesses are appreiably lower than the brightness-
es of the orretly reonstruted features (<4% of the
peak value). More than the other distortions, the false
features that are loated along a line passing through
the enter of the soure manifest the inomplete re-
onstrution of the spetral phase. In the seond ase,
these artefats are not present. In the first ase, the
shape of the soure and the amplitude ratios of the
features are somewhat distorted, while it was possi-
ble to reonstrut the orret amplitude ratios in the
seond ase. The brightnesses of the small number of
point artefats in the seond ase is no more than 1
2%. The point features were reonstruted with finite
resolution, but with a resolution that is higher than
that of the array used. The resolution in the north
south diretion is about twie that in the eastwest
diretion. In both ases, the oordinates of the soure
omponents were aurately reonstruted. This sim-
ulation is useful beause it learly demonstrates the
resolving apability of the reonstrution method.
Soure "b". In both ases, it was possible to reon-
strut the ore well, but the adjaent jet muh more
poorly; in the seond ase, however, the jet is mani-
fest more distintly. In the first ase, the features are
elongated in the upward diretion (in amplitude), mak-
ing the weak, extended feature virtually invisible. This
an be explained by the redistribution of the high-
frequeny omponents of the spetrum as a result of
the extrapolation of the data belonging to a limited
number of traks in the UV plane [1℄. The larger the
region oupied by the data, the more exat the values
of the extrapolated spetrum. The level of false extend-
ed features in the maps does not exeed 2%.
Soure "". As in the previous example, the Gaus-
sian omponents are elongated in amplitude in the first
ase, likewise due to the redistribution of the spetrum
at high spatial frequenies. The reonstrution of the
shapes of the omponents and their brightness ratios
is more aurate in the seond ase. The level of false
features does not exeed 1%.
Soure "d". A fundamental differene of this soure
struture from that onsidered in the previous exam-
ple is that the brightness of the jet is appreiably low-
er than that of the ore. In this ase, the reonstru-
tion of the image is more omplex, sine the spetral
phases are expressed less strongly. This was visible in
the results of the simulations, whih are presented in
the table (as an example of the most typial type of
radio soure). Compared to the previous simulation,
the inomplete reonstrution of the phases led to a
growth in the brightnesses of the false omponents,
whih ould be taken to be a ounterjet. In the se-
ond ase, however, the quality of the image is muh
better; the shapes and amplitude ratios of the ompo-
nents are reonstruted more aurately,and the level
of artefats is redued by a fator of two.
Soure "e". In the first ase, the diretion of the jet
is reonstruted well, but individual omponents in the
jet are expressed appreiably worse (due to the lower
resolution in the eastwest diretion) than in the mod-
el, although they are nonetheless resolved. The max-
imum level of extended false features is about 10%.
In the seond ase, both the shapes (although there
is some elongation) and amplitude ratios of the om-
ponents are reonstruted well. The artefats oupy
fewer regions, and their level does not exeed 5%.
Soure "f". In these simulations, we have approxi-
mately the same relative qualities of the maps obtained
for the single-frequeny and multifrequeny synthesis
data as in the previous example. In the first ase, there
is some smearing near adjaent omponents due to
the lower resolution in the eastwest diretion. All the
omponents exept for the weakest were reonstruted
fairly well in the seond ase, although we an also see
some elongation of their shapes. The weakest pointlike
omponent was not able to be reonstruted in either
ase, refleting the omparatively low dynamial range
of the resulting maps.
Soure "g". In both ases, we have a fairly good
reonstrution of the boundary of the soure, although
there are three fairly bright artefats (about 8% of the
peak brightness) adjaent to the outer boundary in the
first ase. The resulting brightness distribution inside
the boundary is not uniform. The brightness of arte-
fats is appreiably lower in the seond ase; they do
not press up against the boundaries of the soure and
they have a pointlike harater. The brightness distri-
bution inside the soure is substantially more uniform.
Soure "h". The shape of the ring is reonstruted
more distintly and with a larger number of features
in the seond ase. In both ases, there are pointlike
artefats adjaent to the ring, but the shape of the
ring is learly traed.
Thus, our analysis of the results of eah simulation
demonstrates that we were able to obtain an aeptable
reonstrution, even in the ase of poor UV -plane ov-
erage (the single-frequeny synthesis), at least for those
soures with omparatively simple ore + jet strutures
(suh as soures "", "d"). The multifrequeny synthe-
sis provided appreiably more aurate reonstrutions
than the single-frequeny synthesis, with this differene
being more pronouned as the soure struture beame
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more omplex (see the models for soures "e"−"h"). In
all eight of the simulations, the multifrequeny synthe-
sis enabled more aurate reonstrution of the shapes
and amplitude ratios of the omponents, provided high-
er resolution, and lowered the level of artefats.
Analysis of the results (Figs.6 and 7) shows that the
reonstruted maps have a resolution exeeding that of
the instrument, espeially in the ase of multifrequeny
synthesis (the maps of soures "e"and "f"), although a
ratio of 2:1 is preserved for the resolution in the north
south and eastwest diretions. The ahievement of
higher resolution is due to the fat that the image-
reonstrution method is based on the substantially
nonlinear maximum-entropy method, whih has the
property of super-resolution; i.e., the ability to trae
the spetrum outside the aperture of the instrument.
This frequeny extrapolation is more aurate in the
ase of multifrequeny synthesis, due to the more om-
plete overage of the UV plane.
If we onvolve the solutions obtained (Figs.6 and
7) with a "lean"beam orresponding to half the width
of the main lobe of the synthesized "dirty"beam for
the system, in order to use the most reliably reon-
struted part of the spetrum and to avoid the effet
of overdetermination of the spetrum, on average, we
obtain maps with angular resolution of the order of
0.01 mas.
Thus,when measuring the visibility funtion with a
signal-to-noise ratio of about ten using a radio interfer-
ometer with the geometry speified for the RADIOAS-
TRON mission, we an ahieve a resolution of no worse
than 0.010 mas at 1.35 m. At lower signal-to-noise ra-
tios, an appreiable role in the optimized funtional
(10) begins to be played by the regularizing term χ2,
whih an lead to some loss of resolution. Estimates
show that this loss will onstitute a fator of about 1.5
for a signal-to-noise ratio of about three.
It follows that, when used together with multifre-
queny synthesis, the proposed method for phaseless
mapping an be suessfully applied to obtain maps
of good quality on angular sales of the order of tens
of mas for data obtained on the RADIOASTRON
groundspae interferometer, when standard methods
of adaptive alibration an not be used due to the de-
generay of the losure-phase equations.
6. CONCLUSION
The task of phaseless VLBI mapping is espeially
topial now,in onnetion with future radio interfer-
ometers that may inlude a spae antenna in a high
orbit whose apogee exeeds the radius of the Earth
by a fator of several dozen or more. In this ase, the
losure-phase relations beome degenerate, making ap-
pliation of the standard methods of adaptive alibra-
tion inorret. Our results on simulations for the RA-
DIOASTRON groundspae radio interferometer, de-
signed for imaging with ultra-high angular resolution,
demonstrate the ability to ahieve aeptable image
reonstrutions when our proposed phaseless mapping
methods are used together with multifrequeny synthe-
sis tehniques.
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Charateristis of the measurements and reonstruted images
Peak input noise relative Signal-to-noise Peak relative Entropy Peak false
Map to the measured amplitude ratio brightness of the map feature, %
of the visibility funtion in the input data of the map
Fig. 1d   1.00 -28.65 
Fig. 6d 0.1 11.67 0.93 -31.74 6
Fig. 7d 0.1 10.04 1.06 -33.07 3
8
Fig.1. Speified images of model radio soures.
9
Fig.2. Images of model radio soures reonstruted
using standard mapping methods in the ase of
degenerate phase triangles (zero spetral phase).
10
Fig.3. Images of the model radio soures onstruted
using the proposed phase-reonstrution method.
11
Fig.4. Results of mapping the radio soure 2200+420
using data from a global VLBI array.The sales along the axes are in mas.
12
Fig.5. Simulations of a groundspae interferometer for
(a) single-frequeny synthesis and (b) multifrequeny synthesis.
The sales along the axes are in units of 108 wavelengths.
13
Fig.6. Images of model radio soures onstruted from
model single-frequeny data for a ground-spae interferometer
with the parameters of RADIOASTRON. The sales along the axes are in mas.
14
Fig.7. Same as Fig.6 but for multifrequeny model data.
15
